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ABSTRACT 

In this paper some necessary and sufficient conditions of third order neutral differential equations are obtained to 

insure the oscillation of all solutions or converge to zero or tends to infinity as ݐ → ∞. Some examples are given to 

illustrate the obtained results. 
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1. INTRODUCTION  

This paper is concerned with the oscillation and nonoscillation criteria of all solution of third order neutral 

differential equations of the form: 

 
ௗయ

ௗ௧య ቀ(ݐ)ݕ + ൯ቁ(ݐ)൫߬ݕ(ݐ)݌ + ൯(ݐ)ߪ൫ݕ(ݐ)ݍ = 0                                                                                                                                                       (1.1) 

Under the following assumptions: 

(ݐ)݌ (૚ۯ)  ∈ ,଴ݐ])ܥ ∞); [0, ∞)), (ݐ)ݍ ∈ ,଴ݐ])ܥ ∞); ܴ), . 

,(ݐ)߬ (૛ۯ)  (ݐ)ߪ ∈ ,଴ݐ])ܥ ∞); ܴ), lim௧→∞ (ݐ)߬ = ∞, lim௧→∞ (ݐ)ߪ = ∞, ,(ݐ)߬  Are increasing functions(ݐ)ߪ

Our aim is to established necessary and sufficient conditions of all proper solutions of equation (1.1) to oscillates 

or converge to zero or tends to infinity as ݐ → ∞. 

 By a solution of (1.1), we mean a function (ݐ)ݕ such that (ݐ)ݕ +  ൯ is three times continuously(ݐ)൫߬ݕ(ݐ)݌

differentiable and (ݐ)ݕ satisfies (1.1) on [ݐ଴, ∞). 

A solution is said to be oscillatory if it has arbitrary large zeros, otherwise is said nonoscillatory that is eventually 

positive or negative. Equation (1.1) is said to be oscillatory if every solution of (1.1) is oscillatory. 

There has been a considerable investigation of the oscillation and nonoscillation of third order neutral differential 

equations. Parhi and Rath (2004) in [11] obtained necessary and sufficient conditions for all bounded solution of  

 
ௗ೙

ௗ௧೙ (ݐ)ݕ) − ݐ)ݕ(ݐ)݌ − ߬)) + ݐ)ݕ)ܩ(ݐ)ݍ − ((ߪ = 0   

Oscillate if ∑ ∫ ݐ) − ݇߬)௡ିଵܳ(ݐ)݀ݐ = ∞∞
௞ఛ

∞
௞ୀ଴ .Tongxing Li (2010) in [16] obtained sufficient conditions so that the 

neutral differential equation  
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ௗ೙

ௗ௧೙ (ݐ)ݕ] + [൯(ݐ)൫߬ݕ(ݐ)݌ + (((ݐ)ߪ)ݕ)ܩ(ݐ)ݍ = 0   

In this paper we obtained sufficient condition for oscillation of all solutions of equation (1.1) or tends to zero or 

infinity. Some examples are given to illustrate the obtained results. 

2. MAIN RESULTS 

In this section some results obtained for all solutions of eq. (1.1). For simplicity set 

(ݐ)ݖ = (ݐ)ݕ +  ൯                                                                                                                                   (2.1)(ݐ)൫߬ݕ(ݐ)݌

Then eq. (1.1) reduce to 

(ݐ)‴ݖ  =  ൯                                                                                                                                                                                                                   (2.2)(ݐ)ߪ൫ݕ(ݐ)ݍ−

Lemma 2.1: ([10], Theorem 2.1.1. pp. 15-16) 

Assume that ߬(ݐ) <   and,ݐ

lim inf௧→∞ ∫ < ݏ݀(ݏ)݌ ଵ
௘

௧
ఛ(௧)   

Where (ݐ)݌, (ݐ)߬ ∈ ,଴ݐ]൫ܥ ∞); [0, ∞)൯ Then 

The differential inequality ݕ (ݐ)′ + ((ݐ)߬)ݕ(ݐ)݌ ≤ 0, has no eventually positive solutions. 

Theorem 2.1: Suppose that 0 ≤ (ݐ)݌ ≤ ݌ < 1, (ݐ)ߪ < ݐ < ,(ݐ)߬ (ݐ)ݍ ≥ 0, and 

 lim sup௧→∞
ଵ
ଶ

∫ ൫ݒ − ൯ଶ(ݐ)ߪ
1)(ݒ)ݍ − ݒ݀(((ݒ)ߪ)݌ > 1௧

ఙ(௧)  )                                                                                (2.3) 

Then every solution (ݐ)ݕof equation (1.1) is either oscillatory or|(ݐ)ݕ| tends to infinity asݐ → ∞. 

Proof: Assume that (ݐ)ݕ be an eventually positive solution of (1.1) (When (ݐ)ݕ is eventually negativethe proof is 

similar and will be omitted) 

From eq. (2.2), we get(ݐ)‴ݖ ≤ 0 , ݐ ≥  ଴, henceݐ

,(ݐ)″ݖ ݖ ,(ݐ)′  Are monotone functions (ݐ)ݖ

We claim that (ݐ)″ݖ > 0 otherwise (ݐ)′ݖ < 0, (ݐ)ݖ < 0, which is impossible, since(ݐ)ݖ > 0, we have two cases 

for ݖ  : (ݐ)′

Case1: (ݐ)′ݖ > 0, (ݐ)ݖ > 0, ݐ ≥ ଵݐ ≥ ∞→଴ and lim௧ݐ (ݐ)ݖ = ∞ 

(ݐ)ݖ  = (ݐ)ݕ + ൯(ݐ)൫߬ݕ(ݐ)݌ ≤ (ݐ)ݕ + ∞→൯, which implies thatlim௧(ݐ)൫߬ݕ݌ (ݐ)ݕ = ∞, 

Otherwise (ݐ)ݕ ≤ ݇, ݇ > 0, (ݐ)ݖ ≤ ݇ + ݇݌ = ݇(1 + (݌ < ∞. 

Case 2: ݖ (ݐ)′ < 0, (ݐ)ݖ > 0, ݐ ≥ ଵݐ ≥  ଴ݐ

From (2.1), we get(ݐ)ݕ = (ݐ)ݖ − ൯(ݐ)൫߬ݖ(ݐ)݌ +  (((ݐ)߬)߬)ݕ൯(ݐ)൫߬݌(ݐ)݌

൯(ݐ)ߪ൫ݕ  ≥ ቀ1 − ൯ቁ(ݒ)ߪ൫݌  ൯                                                                                                                      (2.4)(ݐ)ߪ൫ݖ
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Consider the integral equality  

(ݏ)(௞)ݖ  = ∑ (−1)௜ି௞ (௧ି௦)೔షೖ

(௜ି௞)!
௡ିଵ
௜ୀ௞ + (ݐ)(௜)ݖ (ିଵ)೙షೖ

(௡ିଵି௞)!
∫ ݒ) − ௧ݒ݀(ݒ)(௡)ݖ௡ିଵି௞(ݏ

௦                                                     (2.5) 

Whereݏ ≤ ݒ ≤ ݇ and ݐ ∈ {0,1,2}, let ݇ = 0, ݊ = 3, we get from (2.5) 

(ݏ)ݖ  − (ݐ)ݖ = ݐ)− − ݖ(ݏ (ݐ)′ + (௧ି௦)మ

ଶ
(ݐ)″ݖ − ଵ

ଶ
∫ ݒ) − ௧ݒ݀(ݒ)‴ݖଶ(ݏ

௦   

 ≥ − ଵ
ଶ

∫ ݒ) − ௧ݒ݀(ݒ)‴ݖଶ(ݏ
௦ = ଵ

ଶ
∫ ݒ) − ௧ݒ൯݀(ݒ)ߪ൫ݕ(ݒ)ݍଶ(ݏ

௦   

 ≥ ଵ
ଶ ∫ ݒ) − (ݒ)ݍଶ(ݏ ቀ1 − ൯ቁ(ݒ)ߪ൫݌ ௧ݒ൯݀(ݒ)ߪ൫ݖ

௦   

 ≥ ௭൫ఙ(௧)൯
ଶ

∫ ݒ) − (ݒ)ݍଶ(ݏ ቀ1 − ൯ቁ(ݒ)ߪ൫݌ ௧ݒ݀
௦   

(ݏ)ݖ ≥ ௭൫ఙ(௧)൯
ଶ

∫ ݒ) − (ݒ)ݍଶ(ݏ ቀ1 − ൯ቁ(ݒ)ߪ൫݌ ௧ݒ݀
௦   

Let ݏ =  then the last inequality leads to ,(ݐ)ߪ

1 ≥ ଵ
ଶ

∫ ൫ݒ − ൯ଶ(ݐ)ߪ
(ݒ)ݍ ቀ1 − ൯ቁ(ݒ)ߪ൫݌ ௧,ݒ݀

ఙ(௧)   

Which contradicts (2.3) 

Remark 2.1: I fall conditions of Theorem 2.1 hold except the condition (2.3) replaced by 

lim inf௧→∞ ∫ ∫
(௩ି௦) ௤(௩)

௣ቀఛషభ൫ఙ(௩)൯ቁ
ݏ݀ ݒ݀ > ଵ

௘
ఈ(௦)

௦
௧

ఙ(௧)                                                                                                            (2.6) 

Then the conclusion of Theorem 2.1 remains true. 

Proof: The proof is similar to the proof of Theorem 2.1up to case 2, it remain to proof case 2. 

Case 2: (ݐ)ݖ > 0, (ݐ)′ݖ  < 0, (ݐ)″ݖ > 0, (ݐ)‴ݖ ≤ 0, ݐ ≥ ଵݐ ≥   .଴ݐ

 From eq. (2.1) it follows that (2.4) holds that is  

((ݐ)ߪ)ݕ  ≥ ቀ1 − ൯ቁ(ݒ)ߪ൫݌   ((ݐ)ߪ)ݖ

From (2.5), let݇ = 1we get 

(ݏ)′ݖ  = ݖ (ݐ)′ − ݐ) − (ݐ)″ݖ(ݏ + ∫ ݒ) − ௧‴ݖ(ݏ
௦

,ݒ݀(ݒ) ݐ >  ݏ

  ≤ − ∫ ݒ) − ௧ݍ(ݏ
௦

 ݒ݀((ݒ)ߪ)ݕ(ݒ)

  ≤ − ∫ ݒ) − ௧ݍ(ݏ
௦

1)(ݒ) −  ݒ݀((ݒ)ߪ)ݖ(൯(ݒ)ߪ൫݌

  ≤ ((ݐ)ߪ)ݖ− ∫ ݒ) − ௧ݍ(ݏ
௦

1)(ݒ) −  ݒ݀(൯(ݒ)ߪ൫݌

Let ݏ = (ݐ)ߙ <  ݐ

(ݏ)′ݖ  ≤ ((ݐ)ߪ)ݖ− ∫ ݒ) − 1)(ݏ − ௧ݍ(൯(ݒ)ߪ൫݌
ఈ(௧)

 ݒ݀(ݒ)
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(ݏ)′ݖ  + ((ݐ)ߪ)ݖ ∫ ݒ) − 1)(ݏ − ௧ݍ(൯(ݒ)ߪ൫݌
ఈ(௧) ݒ݀(ݒ) ≤ 0 

Then by Lemma 2.1.2, with virtue of condition (2.6) the last inequality cannot have eventually positive solution 

which is a contradiction. 

Example 1: Consider the third order neutral differential equation: 

 
ௗయ

ௗ௧య ቀ(ݐ)ݕ + (ଵ
ଶ

+ ଵ
ଷ

cos ݐ)ݕ (ݐ4 + ቁ(ߨ2 + ቀଷ
ଶ

+ ଵ
ଷ

cos ቁݐ4 ݕ ቀݐ − ଷగ
ଶ

ቁ = 0, ݐ ≥   (1ܧ)଴ݐ

Where(ݐ)݌ = ଵ
ଶ

+ ଵ
ଷ

cos (ݐ)߬,ݐ4 = ݐ + (ݐ)ߪ ,ߨ2 = ݐ − ଷగ
ଶ

 and (ݐ)ݍ =  ଷ
ଶ

+ ଵ
ଷ

cos   .ݐ4

One can find that all conditions of Theorem 2.1 hold. 

To see condition (2.4):  

 lim sup௧→∞
ଵ
ଶ ∫ ൫ݒ − ൯(ݐ)ߪ

ଶ
(ݒ)ݍ ቀ1 − ൯ቁ(ݒ)ߪ൫݌ ௧ݒ݀

ఙ(௧) = 

 =   lim ௧→∞
ଵ
ଶ

∫ ቀݒ − ݐ + ଷగ
ଶ

ቁ
ଶ

ቀଷ
ଶ

+ ଵ
ଷ

cos ቁݒ4 ቀଵ
ଶ

− ଵ
ଷ

cos ቁݒ4 ௧ݒ݀
௧ିయഏ

మ
= 3.39 > 1  

By Theorem 2.1 every solution of eq.(E1) either oscillatory or |(ݐ)ݕ| → ∞ as ݐ → ∞, for instance (ݐ)ݕ = ୡ୭ୱ ௧
య
మାభ

మ ୡ୭ୱ ସ௧
 

is such a solution. 

Theorem 2.2: Suppose that0 ≤ (ݐ)݌ ≤ ݌ < 1, (ݐ)ߪ > ݐ > ,(ݐ)߬ (ݐ)ݍ ≤ 0, and 

 lim inf௧→∞ ∫ ∫ ݒ) − 1)|(ݒ)ݍ|(ݏ − ఈ(௦)(((ݒ)ߪ)݌
௦ ݏ݀ݒ݀ > ଵ

௘
ఙ(௧)

௧                                                                               (2.7) 

Where(ݐ)ߙ ∈ ,ܴ)ܥ ܴ), (ݐ)ߙ >  ݐ

Then every solution of equation (1.1) is either oscillatory or nonoscillatory tends to zero or tends to infinity as 

ݐ → ∞. 

Proof: Assume that (ݐ)ݕ be an eventually positive solution of (1.1) (the proof when (ݐ)ݕ is eventually negative is 

similar and will be omitted)  

From eq. (2.2), we get(ݐ)‴ݖ ≥ 0 , ݐ ≥  ଴, henceݐ

,(ݐ)″ݖ  ݖ ,(ݐ)′   are monotone functions ,(ݐ)ݖ

We have two cases for ݖ  : (ݐ)′′

Case 1: (ݐ)″ݖ > 0, ݐ ≥ ଵݐ ≥   ,଴ݐ

Henceݖ (ݐ)′ > 0, (ݐ)ݖ > 0 andlim௧→∞ (ݐ)ݖ = ∞,implies thatlim௧→∞ (ݐ)ݕ = ∞, otherwise (ݐ)ݕ ≤ ݇, ݇ > 0, then 

(ݐ)ݖ  = (ݐ)ݕ + ൯(ݐ)൫߬ݕ(ݐ)݌ ≤ ݇ + ݇݌ ≤ (1 + ݇(݌ < ∞. 

Case 2: (ݐ)″ࢠ < 0, ݐ ≥ ଵݐ ≥  ,଴ݐ

We claim that(ݐ)′ݖ > 0, otherwise ݖ (ݐ)′ < 0, hence(ݐ)ݖ < 0, which is a contradiction 

So our claim has been established and 



Oscillation and Nonoscillation Properties of Solutions of                                                                                                                                                   35 
Third Order Linear Neutral Differential Equations                                                                                                                        

 
www.iaset.us                                                                                                                                                     editor@iaset.us 

(ݐ)′ݖ  > 0, (ݐ)ݖ > 0,  

From (2.1) it follows that (2.4) holds that is ݕ൫(ݐ)ߪ൯ ≥ ቀ1 − ൯ቁ(ݐ)ߪ൫݌  ((ݐ)ߪ)ݖ

If k =1, in (2.5) we get 

(ݐ)′ݖ  = ݖ (ݏ)′ − ݏ) − (ݏ)″ݖ(ݐ + ∫ ݒ) − ௦‴ݖ(ݐ
௧  ,ݒ݀(ݒ)

(ݐ)′ݖ  ≥ ∫ ݒ) − ௦((ݒ)ߪ)ݕ|(ݒ)ݍ|(ݐ
௧  ݒ݀

 ≥ ∫ ݒ) − 1)|(ݒ)ݍ|(ݐ − ௦((ݒ)ߪ)ݖ(((ݒ)ߪ)݌
௧   ݒ݀

 ≥ ((ݐ)ߪ)ݖ ∫ ݒ) − 1)|(ݒ)ݍ|(ݐ − ௦(((ݒ)ߪ)݌
௧   ݒ݀

Let ݏ = (ݐ)ߙ >  then the last inequality leads to ,ݐ

(ݐ)′ݖ  ≥ ((ݐ)ߪ)ݖ ∫ ݒ) − 1)|(ݒ)ݍ|(ݐ − ఈ(௧)(((ݒ)ߪ)݌
௧   ݒ݀

(ݐ)′ݖ  − ((ݐ)ߪ)ݖ ∫ ݒ) − 1)|(ݒ)ݍ|(ݐ − ఈ(௧)(((ݒ)ߪ)݌
௧ ݒ݀ ≥ 0 

Then by lemma 2.1.2-ii...with virtue of condition (2.7) the last inequality cannot have eventually positive solution 

which is a contradiction. 

Remark 2.2: We can replace the condition (2.7) in theorem 2.2 by the condition  

 lim sup௧→∞
ଵ
ଶ

∫ ൫ݒ − 1)|(ݒ)ݍ|൯ଶ(ݐ)ଵିߪ − ݒ݀(((ݒ)ߪ)݌ > 1௧
ఙషభ(௧)                                                                          (2.8) 

And the conclusion of theorem remains true. 

Proof: The proof is similar to the proof of theorem 2.2.up case 2, to proof this case. 

From eq. (2.1), we get(ݐ)‴ݖ = ൯(ݐ)ߪ൫ݕ(ݐ)ݍ− ≥ 0 , ݐ ≥ ,(ݐ)″ݖ଴, henceݐ ݖ ,(ݐ)′  are monotone functions, we ,(ݐ)ݖ

have only the following case to consider: 

(ݐ)ݖ  > 0, (ݐ)′ݖ > 0, (ݐ)″ݖ < 0, ݐ ≥ ଵݐ ≥   ,,଴ݐ

From eq. (2.2) it follows (2.4) holds that is ((ݐ)ߪ)ݕ ≥ (1 −  ((ݐ)ߪ)ݖ൯(ݐ)ߪ൫݌

From (2.5), when݇ = 0, we get 

(ݏ)ݖ  − (ݐ)ݖ = ݐ)− − ݖ(ݏ (ݐ)′ + (௧ି௦)మ

ଶ
(ݐ)″ݖ − ଵ

ଶ
∫ ݒ) − ௧ݒ݀(ݒ)‴ݖଶ(ݏ

௦   

(ݐ)ݖ−  ≤ ିଵ
ଶ

∫ ݒ) − ௧ݒ݀((ݒ)ߪ)ݕ|(ݒ)ݍ|ଶ(ݏ
௦  

(ݐ)ݖ   ≥ ଵ
ଶ

∫ ݒ) − ௧ݒ݀((ݒ)ߪ)ݕ|(ݒ)ݍ|ଶ(ݏ
௦  

 Let ݏ = (ݐ)ଵିߪ <  then the last inequality will be ,ݐ

(ݐ)ݖ  ≥ ଵ
ଶ

∫ ݒ) − 1)|(ݒ)ݍ|ଶ((ݐ)ଵିߪ − ௧ݒ݀((ݒ)ߪ)ݖ൯(ݒ)ߪ൫݌
ఙషభ(௧)  
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(ݐ)ݖ  ≥ ௭(௧)
ଶ

∫ ݒ) − 1)|(ݒ)ݍ|ଶ((ݐ)ଵିߪ − ௧ݒ൯݀(ݒ)ߪ൫݌
ఙషభ(௧)  

 1 ≥ ଵ
ଶ

∫ ൫ݒ − 1)|(ݒ)ݍ|൯ଶ(ݐ)ଵିߪ − ௧ݒ൯݀(ݒ)ߪ൫݌
ఙషభ(௧) , 

Which contradicts (2.8) 

Example 2: Consider the third order neutral differential equation: 

 
ௗయ

ௗ௧య ቀ(ݐ)ݕ + (ଵ
ଷ

+ ଵ
ଷ

sin ݐ)ݕ (ݐ4 − ቁ(ߨ2 − ቀସ
ଷ

+ ଵ
ଷ

sin ቁݐ4 ݕ ቀݐ + ଷగ
ଶ

ቁ = 0, ݐ ≥ ,଴ݐ   (2ܧ)

Where(ݐ)݌ = ଵ
ଷ

+ ଵ
ଷ

sin (ݐ)߬,ݐ4 = ݐ − (ݐ)ߪ ,ߨ2 = ݐ + ଷగ
ଶ

 and (ݐ)ݍ = − ቀସ
ଷ

+ ଵ
ଷ

sin   .ቁݐ4

One can find that all conditions of Theorem 2.2 are holds. 

To see condition (2.7): Let (ݏ)ߙ = ݏ + 1 >  ݏ

 lim inf௧→∞ ∫ ∫ ݒ) − 1)|(ݒ)ݍ|(ݏ − ఈ(௦)(((ݒ)ߪ)݌
௦ ఙ(௧)ݏ݀ݒ݀

௧ = 

 =  lim ௧→∞ ∫ ∫ ݒ) − ସ) (ݏ
ଷ

+ ଵ
ଷ

sin ଶ) (ݒ4
ଷ

− ଵ
ଷ

sin ௦ାଵ(ݒ4
௦ ௧ାయഏݏ݀ݒ݀

మ
௧   

 =  lim௧→∞ ∫ ଵ
଺

௧ାయഏݏ݀ 
మ

௧  =  ଷగ
ଵଶ

 =  0.785 > ଵ
௘
  

By Theorem 2.2 every solution of eq.(E2) either oscillatory or (ݐ)ݕ tends to infinity as ݐ → ∞, for instance(ݐ)ݕ =
ୱ୧୬ ௧

ర
యାభ

య ୱ୧୬ ସ௧
is such a solution. 
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