International Journal of Applied Mathematics A International Academ}' of Sdencev
4

& Statistical Sciences (IJAMSS)
ISSN(P): 2319-3972; ISSN(E): 2319-3980 Engineering and TeChnOIOgy

Vol. 5, Issue 3, Apr - May 2016; 31-38 IASET Connecting Researchers; Nurturing Innovations
O IASET

OSCILLATION AND NONOSCILLATION PROPERTIES OF SOLUTIONS OF THIRD
ORDER LINEAR NEUTRAL DIFFERENTIAL EQUATIONS

HUSSAIN ALI MOHAMAD' & SATTAR NASER KETAB®
'University of Baghdad, College of Science for Women, Iraq
*University of Kufa, College of Education, Iraq

ABSTRACT

In this paper some necessary and sufficient conditions of third order neutral differential equations are obtained to
insure the oscillation of all solutions or converge to zero or tends to infinity as t — co. Some examples are given to

illustrate the obtained results.
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1. INTRODUCTION

This paper is concerned with the oscillation and nonoscillation criteria of all solution of third order neutral

differential equations of the form:

d3
de3

(y© +p©y(x(®)) +a@®y(a(®) =0 (1.1)
Under the following assumptions:

(A1) p(t) € C([tg,);[0,0)),q(t) € C([to,0); R), .

(A,) T(0), o(t) € C([to,0); R), lim,,,, T(t) = o0,lim,_,, o(t) =00, 7(t), o(t)Are increasing functions

Our aim is to established necessary and sufficient conditions of all proper solutions of equation (1.1) to oscillates

or converge to zero or tends to infinity as t — co.

By a solution of (1.1), we mean a function y(t) such that y(t) + p(t)y(‘[(t)) is three times continuously

differentiable and y(t) satisfies (1.1) on [t,, ).

A solution is said to be oscillatory if it has arbitrary large zeros, otherwise is said nonoscillatory that is eventually

positive or negative. Equation (1.1) is said to be oscillatory if every solution of (1.1) is oscillatory.
There has been a considerable investigation of the oscillation and nonoscillation of third order neutral differential
equations. Parhi and Rath (2004) in [11] obtained necessary and sufficient conditions for all bounded solution of

dn

dat™

@®) -p®Oyt-1) +qO6HE—-0)=0

Oscillate if Xy_ f,:(t — k)" 1Q(t)dt = w.Tongxing Li (2010) in [16] obtained sufficient conditions so that the

neutral differential equation
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an
datn

[y +p@®y(t(®)] +q®)6Hr(o(t)) =0

In this paper we obtained sufficient condition for oscillation of all solutions of equation (1.1) or tends to zero or

infinity. Some examples are given to illustrate the obtained results.

2. MAIN RESULTS
In this section some results obtained for all solutions of eq. (1.1). For simplicity set
2() = y(©) + pO)y(x(®)) 2.1
Then eq. (1.1) reduce to
z'(t) = —q(Oy(a(®)) (2.2)
Lemma 2.1: ([10], Theorem 2.1.1. pp. 15-16)

Assume that 7(t) < t,and

t

. . 1
lim inf,_,, fr(t)p(s)ds > -

Where p(t), (t) € C([to,oo); [O,oo)) Then
The differential inequality y'(t) + p(¢t)y(z(t)) < 0, has no eventually positive solutions.

Theorem 2.1: Suppose that 0 < p(t) < p < 1,0(t) <t < 7(t),q(t) = 0, and

. t 2
lim sup,.3 [} .,(v = 0(0) a@)(A = p(6(@))dv > 1) (2.3)
Then every solution y(t)of equation (1.1) is either oscillatory or|y(¢)| tends to infinity ast — .

Proof: Assume that y(t) be an eventually positive solution of (1.1) (When y(t) is eventually negativethe proof is

similar and will be omitted)
From eq. (2.2), we getz (t) < 0,t > t,, hence
z"(t), z'(t), z(t) Are monotone functions

We claim that z"(t) > 0 otherwise z (t) < 0,z(t) < 0, which is impossible, sincez(t) > 0, we have two cases
for z'(¢) :

Casel: z'(t) > 0,z(t) > 0,t = t; = t, and lim,_,,, z(t) =

z(t) = y(@®) + p@®y(z(t)) < y(@) + py(z(t)), which implies thatlim,_,,, y(t) = oo,
Otherwise y(t) < k, k> 0,z(t) < k +pk = k(1 +p) < 0.

Case2:z'(t) <0,z(t) >0,t =t; = ¢t,

From (2.1), we gety () = z(t) — p(0)z((1)) + p(O)p(z () y(x(z()))

¥(0(®) 2 (1-p(e®))) 2(a(®)) 2.4)
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Consider the integral equality

209(s) = D) ELZ,0(0) + LU [y — 1k )y 2.5)
Wheres < v < tand k € {0,1,2}, letk = 0,n = 3, we get from (2.5)

2() = 2(0) = ~(t = 9)2'©) + 52O — 1 [ (v - )2 W)

> -1 [{(v— 222" W)dv =1 [ (W - )*q)y(c())dv

22 [{w - 92q@) (1 - p(o®))) (o)) dv

> 220 [y — 5)24(0) (1 - p(o())) dv

z(s) = @f;(v - 5)?q(v) (1 - p(G(U))) dv
Let s = a(t), then the last inequality leads to
1> %f;(t)(v - a(t))zq(v) (1 - p(a(v))) dv,
Which contradicts (2.3)

Remark 2.1: I fall conditions of Theorem 2.1 hold except the condition (2.3) replaced by

lim inf, ., ft a(s) (w-s) qw)

1
e riew) W (2.6)

Then the conclusion of Theorem 2.1 remains true.
Proof: The proof is similar to the proof of Theorem 2.1up to case 2, it remain to proof case 2.
Case2:z(t) >0, z2(t) <0,z'(t) > 0,z2"(t) <0, t = t; = t,.

From eq. (2.1) it follows that (2.4) holds that is
y(@®) 2 (1 - p(o®))) z(o(®))
From (2.5), letk = 1we get
Z() =2(t) — (t -9z’ @) + [ - 5)z"W)dv,t > s
< - [ - 9)q W)y(e@))dv
< —J[@ =g @)1~ p(o®)))z(c@))dv
< —2(0(®) [ — $)g W)(1 — p(o()))dv

Lets =a(t) <t

z'(s) < —z(a(t)) f;(t)(v -s)(1 —p(ac(»)))q W)dv
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2(s) + 2(0() [, @ = )1 = p(6(@)))q W)dv < 0

Then by Lemma 2.1.2, with virtue of condition (2.6) the last inequality cannot have eventually positive solution

which is a contradiction.

Example 1: Consider the third order neutral differential equation:

d3
de3

(y(t) + (; +§cos4t) y(t+ 271)) + G + gcos 4t)y (t - 377[) =0,t = t,(E1)

1 1 3T 3 1
Wherep(t) = >+ cos 4tt(t) =t +2m,0@) =t — ~ and q(t) = S +5cos4t.
One can find that all conditions of Theorem 2.1 hold.

To see condition (2.4):

lim supt_m%f;(t)(v - o'(t))zq(v) (1 - p(a(v))) dv =

= lim t_mo%ftt_3_n (v —t+ 377[)2 G +§cos 417) G - %cos 417) dv=339>1
2

By Theorem 2.1 every solution of eq.(E1) either oscillatory or |y(t)| — o as t — o, for instance y(t) = 3+;[§>Z "
2 2
is such a solution.
Theorem 2.2: Suppose that0 < p(t) <p < 1,0(t) >t > 7(t),q(t) <0, and
. . a(t) ra(s) 1
liminf,_,. [ [ (v = )lg)|(1 = p(6(v))) dvds > - (2.7

Wherea(t) € C(R,R),a(t) >t

Then every solution of equation (1.1) is either oscillatory or nonoscillatory tends to zero or tends to infinity as

Proof: Assume that y(t) be an eventually positive solution of (1.1) (the proof when y(t) is eventually negative is

similar and will be omitted)
From eq. (2.2), we getz (t) = 0,t > t,, hence
z"(t), z'(t), z(t), are monotone functions
We have two cases for z"(t) :
Case 1:z'(t) > 0,t > t; >t
Hencez (t) > 0, z(t) > 0 andlim,_,, z(t) = oo,implies thatlim,_,., y(t) = oo, otherwise y(t) < k,k > 0, then
z(t) = y(®) +p®y(z(t)) < k +pk < (1 + plk < 0.
Case2:z"(£) <0, t =t; =ty
We claim thatz'(t) > 0, otherwise z'(t) < 0, hencez(t) < 0, which is a contradiction

So our claim has been established and
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z'(t) > 0,z(t) >0,

From (2.1) it follows that (2.4) holds that is y(a(t)) = (1 - p(a(t))) z(a(t))
Ifk =1, in (2.5) we get

Z(t) =2'(s) = (s —)z"(s) + [ (w — )z" (w)dv,

Z(t) 2 [; (v - Olqw)ly(c()) dv

> [*w = DlqW)|(1 - p(e@))2(c()) dv

> z(o(1) [ (v — DIg@) (A - p(c(v))) dv

Let s = a(t) > t, then the last inequality leads to

Z2(6) = 2(6(®) [* O - DlgW)I (A ~ p(o@))) dv

2(®) = 2(0(®) [ = DI = p(e@))) dv = 0

Then by lemma 2.1.2-ii...with virtue of condition (2.7) the last inequality cannot have eventually positive solution

which is a contradiction.
Remark 2.2: We can replace the condition (2.7) in theorem 2.2 by the condition
lim sup 3 71 (v = 071 (©) g @)1 — ple@)dv > 1 2.8)
And the conclusion of theorem remains true.
Proof: The proof is similar to the proof of theorem 2.2.up case 2, to proof this case.

From eq. (2.1), we getz"(t) = —q(®)y(a(t)) = 0,t = t,, hencez'(t), z'(t), z(t), are monotone functions, we

have only the following case to consider:
zt)>0,z(1t)>0,z'(t) <0t =t; = tg,
From eq. (2.2) it follows (2.4) holds that is y(a(£)) = (1 — p(a(t))z(a(t))

From (2.5), whenk = 0, we get
z(s) —z(t) = —(t —s)z'(t) + (t;—s)zz”(t) - %f;(v —5)2z"(v)dv
—z(t) <= [{(w — 22 1qW)ly(c (@))dv

2(6) 22 [ (v = $)2lq@)ly(c(v))dv
Let s = 07 1(t) < t, then the last inequality will be

z(t) = %f;_l(t)(v —o 1) qw)I(1 - p(a(v))z(a(v))dv
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20 222 [, @ =0 (E)2gW)I (1 - p(o(@))dv

1> ;f:—l(t)(v - O'_l(t))z |q(17)|(1 - p(o‘(u))dy'
Which contradicts (2.8)

Example 2: Consider the third order neutral differential equation:

d3
de3

(y(t) + (g +§sin4t) y(t — 271)) - (g + gsin 4t)y (t +37n) =0,t >ty (E2)
Wherep(t) =  + 2sin4t,1(t) = t — 2, 0(t) = t + T and q(t) = — G +sin 4t).

One can find that all conditions of Theorem 2.2 are holds.

To see condition (2.7): Leta(s) = s+ 1>s

lim inf,., [7 [*O - 9)lg@)IA - p(6())) dvds =

31
lim ftH 2 fSSH(U —5) (g + %sin 4v) (§ - % sin 4v) dvds

EL

lim.,, "2 ds = 2 = 0.785 > =

By Theorem 2.2 every solution of eq.(E2) either oscillatory or y(t) tends to infinity as t — oo, for instancey (t) =

1s such a solution.

§+§ sin4t
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